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1921.] PROBLEMS AND SOLUTIONS. 231 

Since for a given circle and a given exterior point the product of any secant through the 
point and the exterior segment of the secant is equal to the square of the tangent from the point 
to the circle we have A'B-AB = Xi" + y^ - W and A'B-A'B' = (xa - k'y + yi - W. Hence, 

AB + A'B' = ^^' + y^' -'^^■^ (^» - fe')' + y^' - fe' . 

A B 



By use of A'B = V(a;2 — xs)^ + i Vi — V zY and the relations given above this equation 
readily reduces to AB + A'B' = 2fc'/>/i + m^, which is independent of k and dependent upon 
k' and 6 only, as was to be shown. 

Also solved by T. M. Blakslee, Paul Capeon, Olive C. Hazlett, C. N. 
Mills, E. J. Oglesby, Arthur Pelletier, C. P. Sousley, C. E. Stromquist, 
and H. S. Uhler. 

2804 [1920, 32]. Proposed by T. H. GEONWAIX, Washington, D. C. 

Show that for Ixl < 1 
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vri:^4 -^0 vr^^i ^ "^ f 5-9 • • ■ (4w - 3)(4« + 1) • 

/ p dx Y _ , « 3-7 • • • (4» - 5)(4w - 1) x«"« 
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Solution by O. S. Adams, Coast and Geodetic Survey. 

The general forms for such integrals may be derived and the formulas in the statement will 
then be special cases of the derived forms. We then state the problem as follows: 
For \x\ < 1, s a positive integer, 

s_+_2 3s +2 {2n -1)8 + 2 

1 f" dx _ " 2 2 "' 2 ,+j 

A/r=^-^° Vl"^^^"* » (s + l)(2s + l) •■•(«« + 1) 

s_+_2 3s +2 (2w - l)s + 2 

f r ^ y -^2 A.% 2 ' 2 "' 2 2x'^^ 

Wo Vl^l^^^ ~ 1 (s + l)(2s + l) ••• (ns + 1) «s+2- 
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By integration, 
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20(x) I- <^(a;) = , ^ ■ £ , 

Therefore, if the first series is multiplied by 2dx and integrated from to x, the second series will 
be obtained. 
Let 

^ 1 (•' dx . 

then 

dx 1 - x» "'' (1 - x^yi^Jo ^1 _a;« 1 - x» 1 - x» ' 
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a-x^^-^x'-^y-l=0. 



The function 1/ ■Vl — x' can be developed as a power series with unit radius of convergence, 
this can be integrated term by term, and the result multiplied by the original series, giving for y 
an expression of the form y = x + ox^*'- + bx^*'- + cx^''*''- + &*'+' + • • • . Now the series is 
absolutely convergent and we can determine the coefficients a, 6, c, by substituting this series 
in the differential equation. We obtain 

1 + (s + l)ax' + (2s + l)bar" + (3s + l)cx'» + (4s + l)dx^» -\ 

- x» - (s + l)ox2« - (2s + 1)6*" - (3s + l)cx*' ~ ■•■ 

— 1 — ^x' — -x ax" — ^ bx^' — ^ ex^' =0; 

^ ji 2i Z 

SO that the coefficients of the various powers of x must be identically zero. We must then have 
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(s + l)(2s + l)(3s + l)- 
The (re + l)th coefficient thus becomes equal to the expression 

s + 2 3s + 2 (2« - l)s + 2 
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(s + l)(2s + l) ••• («s + l) • 
This proves the formula 

s_+2 3s + 2 (2re - l)s + 2 

1 r <^^ = ^ , 2 ^ ' ^ 2 

yJTZ^Jo ^|lZ^' 3 (s + l)(2s + !)■ ■ • • (res + 1) 

By multiplying this series by 2dx and integrating from to x, we obtain the second formula 

s + 2 _ 3s +2 _ _ _ (2re - l)s + 2 

2 '" 2 2x'"+^ 



V-'o Vl — x»/ 1 



Vr^r^s J ' I (s + l)(2s + 1) • • • (res + 1) res + 2 • 

These formulas can easily be verified for s = 1 and they can be compared with the known forms 
for s = 2. When s = 4, they become identical with those stated in the problem. 
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Vr^T^-^o Vr^^ f 6-9--- (4re-3)(4re + l) 

U^-t dx y ^ 2 , " 3-7 ••• (4to -5)(4re - 1) x*"-^ 
Vr-^/ ^ "'"T5-9 ••• (4w -3)(4re + l)2re + l' 

The last formula is given by Gauss, Werke, vol. 3, p. 406. 

Also solved by Elijah Swift and the Proposer. 



